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The lemmas of Schur and Phillips are among the most well-known and 
useful results in measure theory and functional analysis. For example, many 
of the proofs of the Orlicz-Pettis Theorem, including the original proof of 
Pettis [ 181, use the Schur lemma in some form. Similarly, Phillips’ lemma 
has many applications; for example, it is often used to show that there is no 
continuous projection from lm onto c0 [ 19, 221. Both of these results have 
been generalized to various abstract settings. For example, Brooks has given 
Banach space versions for both the Schur and Phillips’ lemmas [3] and 
Robertson has given a group version of the Schur lemma [21]. In this note 
we use a theorem concerning infinite matrices with group values to establish 
versions of both the Schur and Phillips lemmas for topological groups. Our 
results generalize the version of the Schur and Phillips lemmas as given by 
Brooks [3]; moreover, the methods of Brooks do not generalize to the group 
or non-locally convex setting since they depend upon employing duality 
methods in B-spaces. Our version of the Schur lemma is quite similar to a 
result of Robertson [ 211 but our methods are quite different as Robertson 
uses Baire category methods. 
Throughout the remainder of the paper, G will denote an Abelian 
topological group. A quasi-norm on G is a function ] ]: G -+ IR + such that 
Ix]=]--XI for xEG, ]O]=O and ]x+y]<]x]+]y] for x,yEG. Such a 
quasi-norm generates a translation invariant semi-metric d on G by d(x, y) = 
]x - y]. The topology of any Abelian topological group is generated by the 
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family of all continuous quasi-norms on G 171. Our results are all concerned 
with the convergence of sequences in G, and a sequence {x” ) in G converges 
to 0 iff lx,/ + 0 for each continuous quasi-norm 1 / on G. For this reason, we 
state all of the theorems for arbitrary Abelian topological groups, but we 
give all of the proofs for quasi-normed groups, i.e., groups G where the 
topology is induced by a quasi-norm / /. 
Before establishing our group version of the Schur lemma, we establish 
our main result. The result concerns the convergence of the columns in an 
infinite matrix with values in G. 
THEOREM 1. Let xii E G for i, j E N satisfy 
lim xij = xj exists for each j (1) 
and 
for each subsequence (mj) there is a subsequence (nj) of 
(mj) such that {C,FJ 1 xinj} is Cauchy. Then lim, xii = Xj 
uniformly in j. (2) 
Proof. If the conclusion fails, there is a 6 > 0 and a subsequence {ki} 
such that supj lxkj - xjl > 6. For notational convenience assume ki = i. Set 
i, = 1 and pick j, such that Jxilj, - xj,l > 6. By (1) we may pick i, > i, such 
that lXi,j, -xilj,I > 6 and /xii-xi1 < 6 for i> i, and 1 <j<j,. Now pick j, 
such that Ixizjz -xi,/ > 6 and note that j, > jr. Continuing by induction, we 
obtain subsequences {ik 1 and { j,) such that /xikjk - xi,+ ,j, j > 6. Set 
zk/ = ‘iaj, - Xik+l j ,  and note 
IZkkl > 6. (3) 
Set k, = 1. Since both the rows and columns of the matrix {z~,} go to 0, 
there is a k, > k, such that (zkrk21 < 2-3 and Izk2kf] < 2-3. By induction, 
there is a subsequence (ki} such that lz,+,l < 2-‘-j for i # j. For notational 
convenience, set wij = zkiki. By (2) there is a subsequence (k,,} of (ki} such 
that 
lim 1 Wi,i, = 0. 
m tl=l 
Then 
(4) 
(5) 
SCHURAND PHILLIPS LEMMAS 181 
Now the first term on the right is 2-i, and the second term goes to 0 by (4) 
so that lim, wimi, = 0. This contradicts (3) and establishes the result. 
COROLLARY 2. Under the hypothesis of Theorem 1 limi,j xii = 0 and, in 
particular, lim, xii = 0. 
Somewhat similar results concerning matrices with non-negative entries 
were given in [ 11. 
If (xi} is a sequence in G, we say that the (formal) series 2 xj is subseries 
convergent in G if for each subsequence {ni}, the series 2: I x,,~ converges in 
G. If u is an infinite subset of the positive integers, iN, and JJ xi is subseries 
convergent in G, we write CjE, I x. for the sum of the series C,?, xy , where 
the elements of o are arranged in the subsequence {nj}. If u z N is finite, the 
meaning of Cjs~xj is clear. 
We now establish our generalization of the Schur lemma. 
THEOREM 3. Let xij E G for i, j E N. Assume that the rows of the matrix 
{xij} are subseries convergent and lim, xij = xj exists for each j. If {CjeO xij} 
is Cauchy for each o c N, then 
(i) the series C xj is subseries convergent and 
(ii) limi cjSO xii = CEO xj uniformly for (3 E N. 
Proof. First we show that the sequence {Cja~Xij) satisfies a Cauchy 
condition uniformly with respect to u E N. If this is not the case, there is a 
6 > 0 and a sequence {ni} such that 
“P V (x,i+,j-Xx,ij) > 6. (7 J-70 
Set Zij=X,i+,j and m, = 1. By (6) there exists a finite 0, such that 
IZZjeoj zmlj ]>&SetN,=maxa,. Since the columns of (zij) go to 0, there is 
an m, > m, such that Cy;, ]zij] < 6/2 for i > m2. Again by (6), there is a 
finite u1 such that 1 cjsa, zmZj ] > 6. Set r, = u, and rZ = u,\(j: 1 <j < N,}. 
Note r, and r2 are disjoint with max r, < min r2 and 
Continuing this construction produces a subsequence {mi} and disjoint finite 
sets { ri} satisfying 
I I 
6 r Z,,j > -* 
jZi 
2 
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Now consider the matrix yij = Ckerj zmik. The columns of (yij/ go to 0, 
and if (pi} is any subsequence, x,2, yi, is a subseries of the series Cj zmi j. 
Thus, the matrix (yiii satisfies conditions (1) and (2) of Theorem 1. Hence, 
limi y,, = 0. But this contradicts (7). 
We now establish (i) and also 
for any subsequence {nj}. Let E > 0. By what we have just established, there 
exists an N such that 
“ (Xii -X/(j) < E/3 
jz 
for i, k> N. (9) 
Hence, for each M and k > N, ]CiM_, (xni - xknj)( < e/3. Thus, 
and the last term on the right-hand side of (10) is small for M large. This 
establishes (8). 
From (8) and the uniform Cauchy condition (9), it follows that 
lim, Cje, xij = cjcO xi uniformly for o c R\i and the proof is complete. 
COROLLARY 4. Let {xij} be as in Theorem 3. Then the series cjxij are 
unordered uniformly convergent in the sense that if E > 0, there exists M 
such that lcjso xii1 < E for all i whenever min o > M. 
ProoJ By the uniform Cauchy condition of Theorem 3, there is an N 
such that ) zje, (xii - x,,)] < a/2 f or i, k > N, o s IN. Since each cjXij is 
subseries convergent, there is an M such that ]xieoxij] < ~12 whenever 
1 <i,<Nand mina>M. Hence, for mina>Mand i>N, 
and the result follows. 
Theorem 3 generalizes the version of the Schur lemma for B-spaces as 
given by Brooks in [3, Corollary 21. Brooks’ methods do not generalize to 
topological groups since they depend on duality methods. Robertson has 
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established a (more general) form of Theorem 3 in [21]; his methods are 
quite different than those employed above and depend heavily on Baire 
category methods. Theorem 3 is also stated by Constantinescu in [8], but 
there is no proof given nor any indication of references which might indicate 
where a proof can be found. 
We next show that Theorem 3 can be legitimately viewed as a 
generalization of the classical scalar version of the Schur lemma [2, 1X.21. 
While deriving the Schur lemma we also derive another result of Schur 
concerning summability matrices [ 17, 17.61. 
COROLLARY 5. Let tij E IR for i, j E N. Zf lim, CjsO tij exists for each 
u s N and if tj = lim, tij, then 
(i) limiCj”O=, Itij-tj(=O and 
(ii) the series x,2, ( tii( converge uniformly with respect to i. 
Proof. Let E > 0. By Theorem 1, for large i, Icj,,, (tij - tj)l < E for 
o G n\l. Then for such i, C,?, ltij - tjl < 2~ [20, 1.1.21 or (i) holds. 
Condition (ii) follows from Corollary 4 in exactly the same way. 
The usual statement of the Schur lemma has tj = 0 in Corollary 5(i) [ 21. 
This slightly more general form has been given by Brooks and Mikusinski in 
[6] and also by Brooks in [4]. Corollary 5(ii) is a result in summability also 
due to Schur [ 17, 17.61; thus, Corollary 4 can be viewed as a generalization 
of this result on summability matrices to matrices with values in a group. 
Using the group version of the Schur lemma in Theorem 3, we now derive 
a group version of the Nikodym Convergence Theorem for strongly additive 
measures. 
Recall that if 2 is a u-ring of subsets of a set S, then an additive set 
function p: C + G is strongly additive if limZ@j) = 0 for each disjoint 
sequence {Ej} from C [S, 1 l-131. A sequence {pi} of strongly additive set 
functions is said to be uniformly strongly additive if limjpi(Ej) = 0 
uniformly in i for each disjoint sequence {Ej}. Of course, countably additive 
measures on a-rings are strongly additive, and for countably additive 
measures uniform strong additivity and uniform countable additivity are 
equivalent. 
To obtain our version of the Nikodym Convergence Theorem, we require 
the following lemma due to Drewnowski [ 131. 
LEMMA 6 (Drewnowski). Let G be a quasi-normed group. Let C be a o- 
ring of subsets of S and let pm: C --f G be strongly additive. Zf {E,,} is a 
disjoint sequence from C, then there is a subsequence {Emk} such that each 
p,,, is countably additive on the o-ring generated by the (Emk}. 
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Drewnowski does not explicitly state this result in [ 131 but the proof 
follows from his lemma and the argument on page 728 of [ 13 ] (see also 
Proposition 2). Diestel and Uhl state the result for a single measure [ 13, 1.61. 
We now derive our version of the Nikodym Convergence Theorem. 
THEOREM 7. Let ,ui: C -+ G be a sequence of strongly additive set 
functions. Zf limi p)(E) = p(E) exists for each E E 2, then ,u is strongly 
additive and the {cli} are uniformly strongly additive. 
ProoJ Let (El} be a disjoint sequence from C. First we show that ,ui(Ej) 
is Cauchy uniformly inj. For this it suffices to show that if {mi) and (ni} are 
increasing sequences of positive integers, then limi vi@‘,) = 0, where 
vi =Pmi+, -/l,i and Fi = E,i. By Drewnowski’s Lemma, there is subsequence 
{pi} of {ni} such that each vi is countably additive on the u-ring generated by 
the (Fpj}. From the countable additivity, it follows that lim, Cje, vi(Fpi) = 0 
for each o E N. By Theorem 3, it follows that lim, vpi(Fpi) = 0, and since the 
same argument can be applied to any subsequence of (vi(Fi)}, we have 
limi vi(Fi) = 0. 
From the uniform Cauchy condition, it follows immediately that 
liy Pi(Ej) = P(E,) uniformly in j. (11) 
Thus, limi limipi(Ej) = limjp(Ej) = lim, limjpi(Ej) = 0, and p is strongly 
additive. 
Since l,ui(Ej)l < I,ui(Ej) -,u(Ej)l + l,u(Ej)l, it follows from (11) and the 
strong additivity of p that limjpi(Ej) = 0 uniformly in i, i.e., the {pi} are 
uniformly strongly additive. 
The special case of Theorem 7 for countably additive scalar measures is 
due to Nikodym [ 15, 111.7.4; 11, 1.4.81. There have been many proofs given 
for the generalization to countably additive measures with values in either B- 
spaces or groups (see [ 11, I.61 for historical remarks and references). The 
generalization to strongly additive measures is due to Brooks and Jewett 
[ 151 and is often referred to as the Brooks-Jewitt Theorem [ 131. 
We next give a version of the Phillips lemma for group-valued set 
functions. For this we recall the following properties of strongly additive 
measures. If C is a u-ring and p: 2 -+ G, then p is strongly additive iff the 
series cj,u(Ej) satisfies a Cauchy condition for each disjoint {Ej} [ 11, 
I. 1.18; 12, 4.31. Thus, if G is sequentially complete, p is strongly additive iff 
the series Cp(Ej) converges for each disjoint {Ej). Similarly, if G is sequen- 
tially complete, then a sequence {,ui) is uniformly strongly additive iff the 
series Cpi(Ej) converge uniformly with respect to i for each disjoint 
sequence[ll, 1.1.17; 12, 4.31. 
We now give our generalization of the Phillips lemma. 
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THEOREM 8. Let G be sequentially complete and let pi: C + G be a 
sequence of strongly additive set functions. Zf limi,ui(E) =,u(E) exists for 
each E, then for each disjoint sequence (Ej} from C lim, Cj,,,uu,(Ej) = 
Cj,,lu(Ej) untformly for u s N. 
Proof: We show lim, CE,,,ui(Ej) = C,,p(E,) for each u c N, and the 
result will follow from Theorem 3. This identity is clear when o is finite so 
assume that u is infinite with u = {mj: j E N}, mj < mj+ 1. By the sequential 
completeness of G and Theorem 7, the series Cj,ui(Emj) are uniformly 
convergent with respect to i. 
Let E > 0. There exists N such that I~j”=N,u(Em,Jl < 43 and 
IC,E~Pi(Em.)I < e/3 f or i E N. There exists M such that Cy:,’ l,ui(E,i) - 
,u(E,,,.J < e/3 for i>M. Hence, for i>M, 
and the result follows. 
A B-space version of Theorem 8 is given by Brooks in 13); Brooks’ 
derivation depends on the scalar version of the Phillips lemma (Corollary 9 
below) and duality methods, and, therefore, does not generalize to the group 
case. 
We now derive the scalar version of the Phillips lemma from Theorem 8. 
P(N) will denote the power set of N. 
COROLLARY 9 (Phillips). Let pi: P(N) -+ R be a sequence of bounded, 
finitely additive set functions. Zf limipj(E) = p(E) exists for each E s N, then 
limi Cg I  /Pi(j) - ~u(.dl = 0. 
Proof. Let E > 0. By Theorem 8, ]cj,, &(j) -,u(j))( < E for u E N and i 
large. But then CEl l,ui(j)-p(j)1 < 2s for such i [20, 1.1.21. 
The usual version of the Phillips’ lemma is the case when p(E) = 0 for 
each E [II, 19, 231. 
In conclusion we would like to indicate a further application of Theorem 1 
to measures defined on what Constantinescu calls a quasi-u-ring [9]. It is 
well known that the Nikodym Boundedness Theorem does not hold for 
measures defined on algebras [lo]. In [9] Constantinescu has shown that the 
Nikodym Boundedness Theorem holds for countably additive measures 
defined on quasi-u-rings. We show that a similar result can be derived easily 
from Theorem 1. 
A ring C of subsets of a set S is called a quasi-u-ring if each disjoint 
sequence {Ej} from 2 has a subsequence {Ej,} such that ok Ejk E C [9]. In 
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order to avoid introducing complications, we will restrict our attention to 
measures with values in a locally convex topological vector space. (Constan- 
tinescu treats group-valued measures.) We have the following version of the 
Nikodym Boundedness Theorem for measures defined on quasi-u-rings. 
THEOREM 10. Let C be a quasi-o-ring and E a locally convex space. Let 
,ui: C + E be a sequence of countably additive set functions such that (,ui(E)} 
is bounded for each E E C. Then {,ui(E): i E N, E E C) is bounded. 
Proof: Since the topology of E is generated by semi-norms, we may 
assume that E is a semi-normed space. It suffices to show that for each 
disjoint sequence {Ej} from 2, the sequence {,ui(Ei)} is bounded [ 14; 23, 
14.4.101. For this, let {ti} be a sequence of scalars which converges to 0. 
Consider the matrix {tipi(E This matrix satisfies condition (1) of 
Theorem 1 by the pointwise boundedness assumption and also satisfies (2) 
by the quasi-o-ring assumption. Hence, Corollary 2 implies lim, ti,ui(Ei) = 0 
or {,ui(Ei)} is bounded. 
The version of the Nikodym Boundedness Theorem given in [9] concerns 
group-valued measures. This requires introducing a notion of boundedness in 
topological groups which we do not wish to go into. 
It might also be of some interest to note that a version of the Nikodym 
Convergence and Brooks-Jewett Theorems can also be obtained for 
measures on a quasi-u-ring from Theorem 1. If pi: C + G is a sequence of 
countably additive measures defined on the quasi-u-ring C such that 
lim, ,ui(E) = ,u(E) exists for each E E C, then the limit function p is strongly 
additive and the sequence {pi} is uniformly strongly additive. (This follows 
by taking (Ej} to be a disjoint sequence from C and applying Theorem 1 to 
the matrix (,ui(Ej)}.) The conclusion here is not too satisfactory since the 
limit function p is not asserted to be countably additive. However, this 
conclusion seems to be the best that can be obtained directly from 
Theorem 1. 
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